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Abstract-Large-scale data have posed a big computational challenge to traditional data processing methods. The recently
proposed tensor ring decomposition (TRD) has shown to be a promising tool to process large-scale data. However, the existing
TRD algorithms are of high computational cost which makes it less efficient to apply to large-scale datasets. In this paper, by
employing the random projection method to TRD, we propose a non-iterative TRD algorithm for fast large-scale data
decomposition which can be used for image denoising tasks. In the experiments of large visual data denoising, our method
shows satisfying performance and huge speed-up without loss of accuracy, in comparison with traditional algorithms.
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1. INTRODUCTION

Large-scale data are ubiquitous in various research fields such as machine learning [1], signal processing [2], pattern/image
recognition [3], and remote sensing [4]. Due to the properties of high-order and high complexity of large-scale data, it is hard
for traditional methods like singular value decomposition (SVD) and principal component analysis (PCA) to process the data.
On the one hand, high-order data have to be transformed into matrices to fit the matrix-based method, which will cause the
loss of structure information of the high-order data. Secondly, traditional methods require a vast computational resource to
process large-scale data, which hinders the practical applicability and efficiency of large-scale data processing.

Tensors (i.e., multi-dimensional arrays) are the natural and compact representation of large-scale and high-order data. Tensor
decomposition is a data processing method which is to decompose a tensor into a sequence of factors. By this way, it
transforms the tensor into a latent space of low dimensionality, thus reducing the data dimensionality. Moreover, the
decomposition factors usually can be considered as the extracted features of the tensor. CANDECOMP/PARAFAC
decomposition (CPD) [4] and Tucker decomposition (TKD) [5] are the most popular tensor decomposition models, and the
tensor methodologies based on the two models have been widely studied. Recently, tensor train decomposition (TTD) [6] and
tensor ring decomposition (TRD) [7] have attracted people’s attention, due to the high compression ability and multi-linear
representation ability. Though TTD and TRD are named matrix product state (MPS) together, compared with the TTD, the
TRD release the rank constraint on the first and the last core tensors to Ko = RN, while the original constraint on TT is rather
stringent, i.e., Ro =Ry =1 thys providing more model flexibility. In this way, TRD can be considered as the generalization
of TTD. Despite the success of TR, there are still limitations and problems of TRD that remain unsolved. Although TRD is a
promising tool to process large-scale and high-order data, the existing TRD-based algorithms like alternative least squares
(ALS) and gradient descent (GD) are of low-efficiency due to their high computational cost and low convergence rate, which
require large computational resource. In consideration of this problem, we employ a randomized algorithm to the TRD, to
develop fast and efficient TRD algorithm for large-scale data.

The randomized methods are powerful tools for the acceleration of computation, and they have been widely studied for many
years [13]. Recently, tensor decomposition algorithms based on randomized methods have become popular. Paper [11]
proposes a randomized Tucker decomposition (RTucker) for large-scale TKD. The algorithm can achieve parallel
computation so it is suitable for distributed computation. It can obtain nearly optimal approximation even for very noisy and
large-scale data. The algorithm is able to process arbitrarily large-scale tensor which has low multi-linear rank, and the
algorithm is robust to many different datasets. Two algorithms which are based on ALS and block coordinate descent
(CBD)respectively are proposed in [10] to achieve fast tensor CPD. The algorithms are much faster than the traditional CPD
algorithms without loss of accuracy. They first generate a relatively small tensor from the large-scale tensor by random
projection, and then calculate the CPD of the small tensor. Finally, the CPD of the small tensor is projected to obtain the CPD
of the large-scale tensor. Although randomized tensor decomposition methods show high efficiency, to the best of our
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knowledge, there are only a few studies about it and the experiments are only conducted on synthetic data without noise.
Moreover, the randomized methods have not yet been applied to TRD, and the performance of TRD algorithms based on
randomization technology in real-world data have not yet been explored. Based on the fact that TRD is the most recent and
popular tensor decomposition model but lacks efficient algorithms for large-scale tensor, in our study, we aim to develop a
randomized TRD algorithm which applies tensor random projection technique on large-scale TRD tasks.

This paper first proposes the randomized tensor ring decomposition (RTRD) based on traditional tensor ring singular value
decomposition (TRSVD)and the tensor random projection (TRP). The RTRD algorithm is non-iterative and can
automatically choose the TR-rank according to the prescribed approximation error, so it is of high efficiency and almost
parameter-tuning-free. The RTRD algorithm is then applied to a large-scale RGB image denoising experiment and shows
higher performance and much lower running time than the traditional TRSVD algorithm. A hyperspectral image (HSI) with
noise is used in the next denoising experiment and many related large-scale data processing algorithms are compared. The
proposed RTRD outperforms all the compared algorithms in the HIS denoising task in both performance and running time.
The rest of the paper is organized as follows. The preliminaries for the demonstration of our algorithm is shown in section II.
Our RTRD algorithm is illustrated in section III. The denoising experiments are presented in section IV. The conclusion is
given in section V.

2. PRELIMINARIES

2.1. Notations

In this paper, we mainly employ the notations in [9]. Tensors are denoted by calligraphic letters, e.g., X € RA*z2X*In
Matrices and vectors are denoted by normal capital letters and normal lowercase letters, respectively, e.g., X € RI**/2 and
x € R’ . Scalars are denoted by italic lowercase letters or italic uppercase letters, e.g., x, X. A tensor sequence

a0 LR el is denoted as (X ) }g=1, or [X] for simplicity. Moreover, we employ two types of tensor unfolding
(ak.a., matricization) operations. For a tensor X € RO*zX"XIN " the mode-n unfolding is denoted by
Xm) € R!nx"lmjnfﬂmnm, and the other similar unfolding named n-unfolding is denoted by X<n> € RM*mt1iNfimin-1
Furthermore, the mode-n product of tensor X € RO¥EX"XIN and  matrix BER/*m js  denoted by
Z = X Xy B € RIXXIn—1XXIns1xXIN

2.2. Tensor ring decomposition

In recent years, the concept of tensor networks has been proposed and has become a powerful and promising aspect of tensor
methodology [2]. Tensor ring (TR) decomposition is one of the most recent proposed and successful tensor networks which
is based on the matrix product state (MPS). It is a generalization of tensor train (TT) decomposition with super compression
and computational efficiency properties. It offers an enhanced representation ability, latent factors permutation flexibility (i.e.
tensor permutation is directly related to the permutation of tensor factors) and structure information interpretability (i.e. each
tensor factor can represent a specific feature of the original tensor) [8]. The TRD has become a powerful and promising
tensor decomposition model to solve large-scale problems because of its multi-linear representation and super
compressibility. The most significant advantage of TRD is that the space complexity grows linearly in the tensor order. In
this way, TRD provides a natural solution for the “curse of dimensionality” which means the data volume grows
exponentially with the increase of the tensor order. TRD decomposes a tensor X € R1*/2%"*IN by circular multilinear

products to a sequence of 3rd-order core tensors (i.e., TR factors), GG, e g where G € RFn-1XnXRn
{Ro, Ry, ., Rn} denotes the TR-rank which is the most important parameter to determine the approximation performance and
model complexity of TRD. Compared with tensor train decomposition, TRD applies trace computation to make all the TR
factors be 3rd-order tensors equivalently. Every element of the tensor is given by the trace operation of the result of multiple
matrix product, which can be demonstrated by the below equation:

X (i, Ly, oo i) = Trace{GP(i)GP (i) -+ GM (iy)} (1
where Trace is the matrix trace operator, § “)(i,) is the ith mode-2 slice of G™ € RFn-1InxRn Moreover, TR is actually a
linear combination of TT and thus it provides a more generalized and powerful representation than TTD. The overall relation
between the decomposed tensor and its TRD is given by the below equations:

e =SS @

(#n
where G<2> is a sub-chain tensor which is calculated by merging all the TR factors but the nth core tensor [8].
3. PROPOSED ALGORITHM
3.1. Model formulation
The problem of finding the TRD of a tensor can be simply formulated as the following model:

min | 77— ¥([G]) I7 (3)
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where T is the target tensor to be decomposed, [G] are the TR factors to be optimized, and () is the function which
transforms the TR factors into the approximated tensor. In consideration of noise, the obtained tensor 7 can be formulated
by:

T=X+N “)
where X is the real tensor data, and NV is assumed to be the white noise which is independent from the real tensor and
follows the Gaussian distribution. If we assume the real tensor has the TR structure, we can formulate the denoising problem
as:

min 7= I ,5.6. = ¥(I]) ®)

Actually, solving the denoising model (5) is equal to first solving the decomposition model (3), and then, transforming the
TR factors to the tensor space to get the denoised real tensor X. In [8], the model (3) is solved by various algorithms like
TRSVD, TRALS, TRSGD, etc. However, the SVD-based and ALS-based algorithms are calculated on the original size of the
tensor, so they are of high computational cost. When facing large-scale tensors, tremendous computing resource is needed. In
addition, though TRSGD has low computational complexity in every iteration and is able to process large-scale computation
in low storage cost, the convergence speed of TRSGD is rather slow because of the non-convex optimization model. Next,
we introduce the random tensor projection method which can calculate the tensor decomposition on projected latent space
and greatly reduce the computational complexity.

3.2. Tensor random projection

Tensor random projection (TRP) is a natural extension of matrix random projection (MRP). It has been applied to tensor
decomposition in the very recent years, and some studies have proposed TRP-based algorithms to calculate large-scale CPD
and TKD [10,11]. Different from the MRP, the TRP method is to conduct random projection at every mode of the target
tensor. In this way, a much smaller latent space tensor is obtained, and it can retain most of the features of the original large-
scale tensor. The TRP can be demonstrated by:

X =X % QUQMT x5, QIQMNT = P 35, QO x, oo xy QY (7

where [Q] are the orthogonal matrices, and P is the projected small tensor of latent space. After projection, the obtained
tensor P is used to calculate the low-rank approximation of the original large-scale tensor. The obtained tensor
decomposition factors of the small latent space tensor are finally projected back to the decomposition factors of the large-
scale tensor. In this way, we can avoid the direct computation on the large-scale tensor, so as to greatly reduce the
computational complexity.

3.3. Randomized tensor ring decomposition
Finding tensor ring decomposition for large-scale data directly needs high computational cost. We first apply tensor random
projection method which transforms the large-scale tensor into a relatively small tensor. Then we use TRSVD which is an
efficient tensor ring decomposition algorithm to find the TRD of the small tensor. Finally, the TRD of the small tensor is
projected back to the TRD of the large-scale tensor. For the step of tensor random projection, the most important step is to
calculate the orthogonal matrices P which can determine how well the small projected tensor can retain the features of the
large-scale tensor. Several methods for the projection step are proposed by researchers to improve the numerical stability and
performance of the tensor random projection. For instance, [12] uses structured projection matrices to replace the Gaussian
distributed matrices to project the tensor. Moreover, in order to achieve fast decay of the spectrum of the mode-n unfolding of
the tensor, power iterations of LU decomposition are applied to calculate the projection matrices [13]. In our paper, we adopt
both of the tricks to obtain the best TRP performance. By the combination of TRP and TRSVD, our randomized tensor ring
decomposition (RTRD) is illustrated in the following algorithm.

Algorithm: Randomized tensor ring decomposition (RTRD)

1. Input: tensor X, projection size for every mode k1, k2, -, kn}, TR-rank {Ro, Ry, -, R}, power iteration p.
2. Output: TR factors [¢] which approximates X

3. P«X
4. Forn=1,....N
5. Generate matrix M € RMumelX)/nxkn of which every element follows the below distribution:

++/3, with probability 1/6
m;;{ 0,withprobability 2/3
—+/3, with probability 1/6
7 y(® = PeyM
8. For i=1,...,q
9 [Q™, ~]=lu(Y ™)
1 [M,~J=lu(PZ,, Q™)
1 ym = XmM

- e
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12.  End

13. [@™,~I=qr(Y™)

14. PP x, QT

15. End

16. Decompose the projected tensor P by TRSVD [8] to obtain its TR factors [Z].
17. For n=1,...,N

18. G =z %, o

19. End

4. EXPERIMENT AND RESULT

In the experiment section, we firstly test the performance of our method in different size of TRP and compare our RTRD
algorithm with the traditional counterpart (i.e., RTRD vs. TRSVD). Then, we conduct experiments on a hyperspectral image
(HSI) which is corrupted by white noise by the related large-scale data processing methods. For the noising performance
evaluation, we apply relative square error (RSE) and peak signal-to-noise ratio (PSNR) in our experiments. The RSE is

calculated by
RSE =l Trear = Y /Nl Trear NI,

where Jreal is the real tensor without noise, Y is the denoised tensor which is approximated by the obtained decomposition
factors, nuUme (") calculates the number of elements of a tensor. The PSNR is calculated by

PSNR = 10log (ZSSZ/MSE)7

where MSE =ll e — Y IE/numel(Y) . In addition, we manually add noise on the clean tensor data to see the denoising
performance of the algorithms. The noise data is calculated by

:Tr'wise =Trear t randn(Size(g;'eal))\/io_ds/m Il j-1"eal ”E‘/numel(j;‘eal) s

where randn(size(X)) generates a tensor, which is the same size as the target tensor and all the elements follows the normal

distribution, and dB is the noise strength. All the computations in the experiments are conducted on a Mac PC computer with
Intel Core i7 and 16GB DDR3 memory.

4.1. RGB image denoising

The projection size {ky, k2, ... kn} is the most important hyper-parameter of the TRP step of our algorithm because it
determines the amounts of residual features of the original tensor to be retained and it balances the computational speed and
the accuracy. This experiment is to explore the influence of the different size of the projected tensor to the performance and
running time of our algorithm, and compare the performance with the TRSVD algorithm. We compare the traditional
TRSVD and our RTRD to see the performance and speed differences w.r.t. different projection size and noise strength. We
choose the RGB image of size 5690x4234x3 as the target tensor and add noise of 0 dB and 10 dB respectively. The RGB
image is a typical 3rd-order tensor of large-scale and the image modes are considered to have strong low-rankness, so the
projection of mode-1 and mode-2 can largely reduce the computational cost. The projection size of mode-1 and mode-2 of
the tensor data are chosen from {10, 50, 100}. The mode-3 of the tensor is small so it remains as 3. As for parameter settings,
because only one iteration is needed and the TR-rank is automatically chosen in our algorithm, we set the tolerance of
TRSVD as 0.01. Figure 1 shows the approximation error (i.e., RSE and PSNR) and computational time of the compared
algorithms. From the experiment we can see, our method runs much faster than TRSVD and the performance is always
higher than TRSVD. When the noise is 0 dB, be best denoising performance is obtained when the projection size is {50, 50,
3}, and the performance of the randomized algorithms remain steady and when the projection size is {10, 10, 3}. Moreover,
when the noise is 10 dB, the best performance is obtained when the projection size is {100, 100, 3}, and the denoising
performance falls when the projection size decreases. The results indicate that the running time increases when the projection
size increases, and the image with less noise requires higher projection size to reach a better performance.
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Proposal Proposal Proposal TRSVD
k=100 k=50 k=10 tol=le-1

Corrupted image time=0.95 time=0.61 time=0.38 time=83.91
dB=0 RSE=0.179 RSE=0.161 RSE=0.161 RSE=0.910
PSNR=19.84 PSNR=20.45 PSNR=20.09 PSNR=10.54

Original image of
size 5698x4234x3

Corrupted image time=0.98 time=0.53 time=0.28 time=80.07
dB=10 RSE=0.106 RSE=0.115 RSE=0.152 RSE=0.244
PSNR=23.79 PSNR=22.89 PSNR=20.37 PSNR=18.31

Figure 1 Denoising results of a large-scale image with different projection size and noise strength.

4.2. Hyperspectral image denoising

Hyperspectral image (HSI) is a kind of large-scale 3rd-order tensor of heightxwidthxbands. The band-mode of HSI is usually
considered to own strong property low-rankness, so the projection of the band-mode will largely reduce the computational
cost and running time. In this experiment, we employ the most related large-scale tensor decomposition and matrix
completion algorithms to compare with our RTRD. We apply TRSGD [8], RCPALS [10], RTucker [11] in this experiment.
The RSVD [13] which is based on matrix random projection and often used in HSI reconstruction and denoising is also
employed. The RSVD is implemented by mode-3 unfolding of the HSI data. The projection size of all the algorithms are set
as {100, 100, 3} for the HIS image of size 200x200x80, and the other parameters for each algorithm are tuned to get the best
performance. Figure Table 1 and Figure 2 show the numerical results and visual results of all the compared algorithms
respectively. RTRD outperforms the compared algorithms in both performance and running time.

Table 1. Numerical results of the HSI denoising experiment.

Noise RTRD TRSGD RCPALS RTucker RSVD
RSE 0.00934 0.249 0.100 0.0110 0.0303
) time 0.45 9.45 5.38 0.50 1.84
20 dB RSE 0.0331 0.253 0.101 0.0388 0.0594
time 0.20 206.82 3.97 0.54 2.33
10 dB RSE 0.0895 0.293 0.107 0.114 0.156
time 0.29 210.89 391 0.46 2.08
0dB RSE 0.138 0.437 0.166 0.367 0.431
time 0.38 206.62 3.95 0.44 1.87
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Input TRSGD RCPALS  RTucker RSVD

Figure 2. Visual results of the HSI denoising experiment.

5. CONCLUSION

In this paper, based on tensor random projection method, we proposed RTRD algorithm for fast and reliable TR
decomposition. Without losing accuracy, our algorithm performs much faster than their traditional counterparts and
outperforms the compared randomized algorithms in visual data denoising experiments. Randomized method is a promising
aspect for large-scale data processing. In our future work, we will focus on further improving the performance of
decomposition and applying randomized algorithms to the sparse and incomplete tensors.
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